SOLUTION TO PROBLEM 4


Tinkering With Integers

Show that if N is a positive integer, then one of N - 1, N or N + 1 may be written as a positive integer M + the sum of the digits composing M i.e., if M = m3 m2 m1 = (m3 )(100) +  ( m2 )(10) +  ( m1 )(1), then N could be written as M + (m3  + m3 + m1). As an example, if  N = 34, then N = 26 + (2 + 6) = M + (m2 + m1) where M = 26. Another example, if N = 21, the N = 15 + (1 + 5) = M + (m2 + m1) . where M = 15. Finally, if K = 31, then there is no such integer M.

A SOLUTION:

Suppose that N is a positive integer, N is nk . . . n3n2 n1n0 = nk (10k) + nk-1 (10 (k - 1) )   , , , +  n3 (103) + n2 (102) +  n1  (101)  +  n0 (100) where each of nk , . . . ,n3 ,n2 , n1 , n0 is an integer not less than 0 nor greater than 9.

For example, if N = 215, then n0 = 5, n1 = 1 and n2 = 2.

Consider now the integer K1 = nk . . . n3n2 n10, the difference D1,


D1 = N - K1

D1 = (nk . . . n3n2 n1n0)   -  (nk . . . n3n2 n10)

and the sum A1 of the digits of K1.


A1 =  nk + . . .+  n3 + n2 +  n1 .

We now compare the number D1 and the number A1. There are three cases:


A1 = D1,   A1 < D1 and A1 > D1.
Case 1.

Suppose that A1 = D1.

Then we have a solution and M is the number


K1 = nk . . . n3n2 n10 

because 


K1 + (nk + . . .+  n3 + n2 +  n1) 


  = K1 + A1 


  = K1 + D1 


  = K1 + ( nk . . . n3n2 n1n0   -  nk . . . n3n2 n10 )


  = K1 + N + (-K1)

  = N.

Case 2.

Suppose that A1 < D1.


Case 2 a.


Suppose D1 - A1 is an even integer.


Then we have a solution.


There is a integer Q such that 2Q = D1 - A1.


M is the integer nk . . . n3n2 n1Q.


M + (nk + . . .+  n3 + n2 +  n1 + Q)


= nk . . . n3n2 n1Q +  (nk + . . .+  n3 + n2 +  n1 + Q)


= nk . . . n3n2 n1Q +  (A1+ Q)


= nk . . . n3n2 n10 +  (A1+ 2Q)


= nk . . . n3n2 n10 +  (D1).


Recall that 


D1 = (nk . . . n3n2 n1n0)   -  (nk . . . n3n2 n10).


Hence,


N = M + (nk + . . .+  n3 + n2 +  n1 + Q).


Case 2 b.


Suppose D1 - A1 is an odd integer.


In this case we consider the integer N + 1 and note that D1 - A1 is an even integer 
and proceed as in case 2a.

Case 3.

Suppose that A1 > D1.

This case requires a bit more care.

Recall that N is nk . . . n3n2 n1n0 and K1 = nk . . . n3n2 n10,

D1 = N – K1

D1 = nk . . . n3n2 n1n0   -  nk . . . n3n2 n10

and that A1 is the sum of the digits of K1.

A1 =  nk + . . .+  n3 + n2 +  n1 + 0.

There is a least positive integer u and a least integer v, not less than 0, such that if


Kuv = nk . . . n(u+1)nu (nu-1  - v)0…0,

Auv =  nk + . . .+  n(u+1) + nu + ( n(u-1) – v) + 0 + … + 0,

 
Duv = N – Kuv 
and
Duv = nk . . . n3n2 n1n0   -  nk . . . n(u+1)nu (n(u-1)  - v) 0…0,

then 
Auv ≤  Duv.

We now proceed as before.
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